Let π 1 and π 2 be a pair of cuspidal complex, ℓ-adic, or banal ℓ-modular, representations of the general linear group of rank n over a non-archimedean local field F of residual characteristic p, different to ℓ. Whenever the local Rankin-Selberg L-factor L(X, π 1 , π 2 ) is nontrivial, we exhibit explicit test vectors in the Whittaker models of π 1 and π 2 such that the local Rankin-Selberg integral associated to these vectors and to the characteristic function of o n F is equal to L(X, π 1 , π 2 ). As an application, we show that the ℓ-modular Rankin-Selberg Lfactor of any two banal cuspidal (hence supercuspidal) ℓ-modular representations is equal to the reduction modulo ℓ of the ℓ-adic Rankin-Selberg L-factor of any two cuspidal ℓ-adic lifts. For completeness, we show that the ℓ-modular Rankin-Selberg L-factor of a pair of supercuspidal representations is trivial whenever either one of them is non-banal, thus completing the study of supercuspidal ℓ-modular Rankin-Selberg L-factors started in [11] .
Introduction
The integral representation of local L-functions, or L-factors, of pairs of complex irreducible representations of general linear groups over a non-archimedean local field F , was developed in the fundamental paper [8] of Jacquet-Piatetski-Shapiro-Shalika. These L-factors are Euler factors which are the greatest common divisors, in a certain sense, of families of integrals I of Whittaker functions.
For n ≥ m, as a by-product of the definition, if π 1 and π 2 are irreducible smooth complex (or ℓ-adic) representations of GL n (F ) with respective Whittaker models W (π 1 , ψ) and W (π 2 , ψ −1 ), extended to all irreducible representations via the Langland's classification, then it is known that there is a finite number r of Whittaker functions W i ∈ W (π 1 , ψ) and W ′ i ∈ W (π 2 , ψ −1 ), and a finite number of Scwartz functions Φ i on F n if n = m, such that the L-factor L(X, π 1 , π 2 ) can be expressed as r i=1 I(X, W i , W ′ i ), or r i=1 I(X, W i , W ′ i , Φ i ) when n = m. A natural question which thus arises, and which has been asked by Cogdell in [4, Page 11] , is whether one can find an explicit family of such functions.
No general answer has yet been given, but the most famous instance of such vectors is the essential vectors (or local newforms) for generic representations, which are test vectors for L(X, π 1 , π 2 ) when n > m, π 1 is generic, and π 2 is unramified generic (cf. [3] , [7] , [16] for an explicit formula and [12] for the same formula with a constructive proof). Interesting partial results have been obtained in [10] . The theory of derivatives and its interpretation in terms of restriction of Whittaker functions (cf. [5] , [12] , [10] ) could probably reduce the problem to the cuspidal case. Here, we establish that for pairs of cuspidal representations π 1 and π 2 , we can choose r = 1, and moreover, we exhibit explicit test vectors whenever L(X, π 1 , π 2 ) is not equal to one, which is the most interesting case. In this case, our test vectors are the explicit Whittaker functions of Paskunas-Stevens constructed in [17] , and the characteristic function of o n F , where o F is the ring of integers of F .
The fact that r can be chosen to be 1 when L(X, π 1 , π 2 ) = 1, for any pair of irreducible representations π 1 and π 2 of GL n (F ), is explained in the proof of [8, Theorem 2.7] and follows from standard facts on Kirillov models. We do not provide explicit test functions in this case, possibly a quite technical problem, and in fact we do not consider this case in the sequel, as it is not needed for our application to reduction modulo ℓ.
Let p be the residual charactersitic, and q the cardinality of the residual field of F . Our interest in test vectors originated in the the study of ℓ-modular Rankin-Selberg L-factors, for ℓ = p, as introduced in [11] . If π 1 and π 2 are integral cuspidal ℓ-adic representations of GL n (F ) and GL m (F ), and τ 1 = r ℓ (π 1 ) and τ 2 = r ℓ (π 2 ) their reductions modulo ℓ, which are cuspidal ℓ-modular representations, then the local factor L(X,
Hence the interesting case, where a strict division can happen is when L(X, π 1 , π 2 ) is not equal to 1, and, in particular, n = m. In this case, it was shown in [op. cit.] that when-
. Whereas on the opposite extreme, it was shown that L(X, τ 1 , τ 2 ) = 1 whenever q ≡ 1 [ℓ] .
Notice that, in the terminology of [15] , the condition q n ≡ 1 [ℓ] implies that all cuspidal ℓ-modular representations of GL n (F ) are banal. Whereas, the condition q ≡ 1[ℓ] implies that no cuspidal ℓ-modular representation is banal. Banal representations have been studied in detail in [14] , and they behave very well with respect to reduction modulo ℓ. In particular, in [13] it was shown that reduction modulo ℓ preserves Godement-Jacquet L-factors, as extended to ℓ-modular representations in [op. cit.], for lifts of banal representations. It is thus natural to try to refine the result from [11] , and ask: if π 1 and π 2 are ℓ-adic integral cuspidal representations of GL n (F ) with banal reductions τ 1 and τ 2 , does one have L(X, τ 1 , τ 2 ) = r ℓ (L(X, π 1 , π 2 ))? As an immediate corollary of our main result on test vectors applied to ℓ-adic Rankin-Selberg integrals, we answer this question in the affirmative. On the other hand, we can ask what happens when either π 1 or π 2 has a non-banal reduction? In this case, if π 1 and π 2 are supercuspidal, by a less technical argument independent of our main theorem on test vectors, we show that L(X, τ 1 , τ 2 ) = 1. In particular, as cuspidal ℓ-modular representations always lift to ℓ-adic representations, we obtain a complete classification of L-factors for supercuspidal ℓ-modular representations. Now we state our main theorem. Let π 1 and π 2 be cuspidal complex, or ℓ-adic, representations of GL n (F ) such that L(X, π 1 , π 2 ) is non-trivial. In particular it implies that π 2 is isomorphic to the twist of the contragredient of π 1 by an unramified character of F × . Call e the common ramification index of π 1 and π 2 (see Section 3). We denote by N n the standard maximal unipotent subgroup of GL n (F ), by ̟ F the uniformiser of F . We also denote by W 1 and W 2 be the explicit Whittaker functions for π 1 and π 2 , as constructed in [17] , with respect to a suitable nondegenerate character of N n and suitable maximal extended simple types in π 1 and π 2 .
Theorem 5.1. Suppose that L(X, π 1 , π 2 ) is non-trivial, so that π 2 ≃ χπ ∨ 1 for some unramified character χ of F × . Normalise the Haar measure on GL n (F ) by dg(1 + ̟ F Mat n,n (o F )) = 1. Then there is a power µ of q, such that
As an application of our main theorem, together with a separate consideration of the non-banal case, we obtain the following classification of supercuspidal ℓ-modular L-factors.
Theorem 6.9. Let π 1 and π 2 be two supercuspidal representations of GL n (F ) and GL m (F ) (n ≥ m). Then L(X, π 1 , π 2 ) is equal to 1, except in the following case: π 1 is banal, and π 2 ≃ χπ ∨ 1 for some unramified character χ of F × (in particular n = m). In this case, letting e denote their common ramification index, we have
and this factor is the reduction modulo ℓ of the L-factor of any cuspidal lifts of π 1 and π 2 .
In forthcoming work on the ℓ-modular inductivity relation, we show that all the L-factors in the remaining case of cuspidal non-supercuspidal representations are trivial.
Preliminaries
Let F be a non-archimedean local field of residual characteristic p and residual cardinality q. For E any extension of F , we denote by o E the ring of integers of E, by ̟ E a uniformiser of E, by p E = (̟ E ) the unique maximal ideal of o E , and by | | E the normalised absolute value on E.
, and let Z n be the centre of G n . Put η n = 0 · · · 0 1 ∈ Mat n,1 (F ), and let P n be the standard mirabolic subgroup of G n , i.e. the set of all matrices g in G n such that η n g = η n . Let N n be the unipotent radical of the standard Borel subgroup of upper triangular matrices. For k ∈ Z, let G
n , and let 1 X denote the characteristic function of X.
Let Q ℓ denote an algebraic closure of the ℓ-adic numbers, Z ℓ denote its ring of integers, and F ℓ denote its residue field which is an algebraic closure of the finite field of ℓ-elements.
Representations with coefficients in R
Throughout, R will denote one of the fields C, Q ℓ , and F ℓ . We only consider smooth Rrepresentations, that is smooth representations with coefficients in R, and we use ∨ as an exponent to denote the contragredient.
We call a representation on a Q ℓ -vector space an ℓ-adic representation, and a representation on an F ℓ -vector space an ℓ-modular representation. Let (π, V) be an irreducible ℓ-adic representation of G n . We call π integral if V contains a G n -stable Z ℓ -lattice Λ.
An R-representation is called cuspidal (resp. supercuspidal ) if it is irreducible and never appears as a submodule (resp. subquotient) of a properly parabolically induced representation. By [18, II 4 .12], a cuspidal ℓ-adic representation is integral if and only if its central character takes values in Z ℓ × , hence its contragredient is integral as well. Let π be an integral cuspidal ℓ-adic representation with lattice Λ. Let r ℓ (π) be the ℓ-modular representation induced on the space Λ ⊗ Z ℓ F ℓ , and call r ℓ (π) the reduction modulo ℓ of π, as it is independent of the choice of Λ by [19, Theorem 1] . This ℓ-modular representation is also cuspidal (and irreducible) by [18, III 5.10] . We say that π lifts r ℓ (π), and it follows from [loc.
cit.] that all cuspidal ℓ-modular representations lift. Following [15] , we call a cuspidal ℓ-modular
For H a closed subgroup of G, we write Ind 
Normalisation of Haar measures
We now discuss our normalisation of Haar measures. The basic reference for R-Haar measures is [19, I 2] , but we also refer the reader to [11, Section 2.2] for more details on the splitting of Haar measures with respect to standard decompositions. Let dg be the Haar measure on G n normalised by
For compact open subgroups of G n , we will just restrict this Haar measure. We normalise the Haar measure on P n so that dp P n ∩ K 1 n = 1. If H < G are two closed subgroups of G n , with respective Haar measures dh and dg, we descend dg on H\G as explained in [19, I 2.8] . As for f = 1 K 1 n , one checks that the map on G n defined as
f (pg)dp
and we have
, with dk the Haar measure on (P n ∩ K n )\K n . We normalise the Haar measure on Z n by
With these normalisations, we have the splitting dg = dpdzdk.
Notice that with such normalisations, the volume of all pro-p subgroups of G n , of P n and of Z n will be (positive or negative) powers of q.
Moreover, for such choices, reduction modulo ℓ commutes with integration, i.e. if f ∈ C ∞ c (X, Z ℓ ) for X equal to G n or one of its subquotients considered above, then X f (x)dx ∈ Z ℓ , and
Local factors
Let θ be a nondegenerate character of N n , which is necessarily integral in the ℓ-adic case (as N n is exhausted by its pro-p subgroups). If π is a cuspidal representation of G n , then it is generic (cf. [1] in the complex case, and [19] for a general R), meaning dim(Hom Nn (π, θ)) = 1, and hence it has a unique Whittaker model W (π, θ), equal to the image of π in Ind
Finally, we recall the definition of the Rankin-Selberg local L-factors for a pair of cuspidal Rrepresentations of G n . Let π 1 and π 2 be cuspidal representations of 
and
we have
from which we deduce the formula 
, and has a unique generator L(X, π 1 , π 2 ) which is an Euler factor. We call L(X, π 1 , π 2 ) the local Rankin-Selberg L-factor, and note that it does not depend on the choice of the character θ. If R = Q ℓ , due to [11, Corollary 3.6] , the L-factor is the inverse of a polynomial in Z ℓ [X], and it makes sense to talk of its reduction modulo ℓ.
Simple types and their groups
For this Section we assume that R = C or Q ℓ . Let V be an n-dimensional F -vector space, let A denote the F -algebra End F (V ) of F -endomorphisms of V and let G denote the group Aut F (V ) of F -automorphisms of V . Hence G identifies with G n as soon as we choose a basis of V . By [2, Chapter 6], any cuspidal R-representation of G is compactly induced π ≃ ind G J (Λ), where J is an open and compact-mod-centre subgroup of G, and Λ is an irreducible representation of J of finite dimension.
According to Chapter 6 of [ibid.], we can choose the pair (J, Λ) to be an extended maximal simple type, which is what we do. In this case J has a unique maximal compact subgroup J, given by
To describe the group J further, we need the following data (associated to J in [ibid.]): an embedding of a field extension E of F in A, this makes V an E-vector space, and
, this last condition required as the simple type is maximal. We set d = [E : F ], e = e(E/F ) the ramification index of E over F , and m = n/d. We denote by A the o F -module
and by B the o E -module 
, and is such that if N is the maximal unipotent subgroup of G attached to the maximal flag defined by B, and if ψ is the non-degenerate character of N defined by the formula
Mat B (n i,i+1 ) , then the triple (J, Λ, ψ) satisfies Hom N ∩J (ψ, Λ) = 0.
Let P be the mirabolic subgroup defined by
We denote by M the group (P ∩ J)J 1 , which is equal to (P ∩ 
In particular, we will use the following fact:
Up to renumbering the o E -lattice sequence L by a translation, k → k − m for some m ∈ Z, we can suppose that a 0 (n) = a −1 (n) + 1 = 0, as for a fixed k ∈ {1, . . . , n}, the maps i
, which we write as B ′ = (w 1 , . . . , w n ). We use this basis to identify G with G n . With this choice, one has J ⊂ K n because J ⊂ Aut o F (L 0 ). The group P identifies with P n , the group N identifies with N n , and the character ψ identifies with
,
For our computation to come, it will be useful to notice the following property of B ′ : one has
for any k ∈ Z, the properties above and the fact that L k+e = ̟ F L k , imply that the last row of ̟ i E ∈ G n belongs to (o F ) n − (p F ) n for i = 0, . . . , e − 1, and more generally that it belongs to (p l F ) n − (p l+1 F ) n if i = le + r, with r ∈ {0, . . . , e − 1}. As an immediate consequence, if we write an Iwasawa decomposition of ̟ i E ,
we can choose z i = I n for i = 0, . . . , e − 1, and more generally z i = ̟ l F I n for i = le + r, with r ∈ {0, . . . , e − 1}. In particular |p i | = q −in/e , for i = 0, . . . , e − 1.
For clarity, we list the properties of the data (J, Λ, ψ t ) that we will use. ii. The space Hom Nn∩J (ψ t , Λ) = 0.
iv. The element ̟ i E ∈ P n K n if and only if i ∈ {0, . . . , e− 1} and, in this case, if we choose p i ∈ P n and k i ∈ K n , such that ̟ i E = p i k i , then we have
For the remainder, we consider the k i ∈ K n and p i ∈ P n chosen in Proposition 3.1 Statement iv as fixed. A certain volume will appear in our computation, we compute it already:
There is a power of q which we denote by u, such that, for any i ∈ {0, . . . , e − 1}, we have
Proof. We have
. We also notice that
i (P n ∩ J)p i . As for any compact open subset A of P n , one has dp(pAp −1 ) = |p|dp(A), as is easily seen by writing dp = dgdu, with dg on G n−1 and du on U n , we obtain the relation dp(P n ∩ k i Jk −1 i ) = |p i | −1 dp(P n ∩ J) = q in/e dp(P n ∩ J), hence the relation
Finally, because M = (P n ∩ J)J 1 , the volume dk((P n ∩ J)\J)) is equal to dk(M\J) up to a power of q, i.e. equal to (q m E − 1) = (q n/e − 1) up to a power of q. This concludes the proof.
Explicit Whittaker functions of Paskunas-Stevens
In this Section we continue to assume that R = C or Q ℓ . We now recall the definition and some properties of the explicit Whittaker functions of [17] . We recall that there is a pro-p open subgroup H 1 of J 1 attached by [2] to the data (J, Λ). We set
We extend ψ t to the group U as in [17, Definition 4.2], and, by abuse of notation, denote this extension by ψ t . We fix a normal compact open subgroup N of U contained in ker(ψ t ). We also denote by χ the trace character of Λ and χ ∨ that of Λ ∨ .
Definition 4.1 (Bessel functions).
For j ∈ J, we define
The following relation follows from a simple change of variables, and the relation χ ∨ (ab) = χ(b −1 a −1 ) for any a and b in J. i. We have the equality J (1) = 1.
ii. For all j 1 and j 2 in J, we have
We can now define the explicit Whittaker functions W and W ∨ of Paskunas-Stevens following [17, Section 5.2] and recall a first property.
Definition 4.4. Both W and W ∨ are supported on N n J, and
for n ∈ N n and j ∈ J, whereas
for n ∈ N n and j ∈ J. Moreover, W belongs to W (π, ψ t ) and W ∨ belongs to W (π ∨ , ψ
We now give further properties of W and W ∨ .
i. The functions (W l ) | PnKn and (W l ) ∨ | PnKn are zero unless l = in/e for some i ∈ {0, . . . , e− 1}, and in this case
ii. If W i (pk) = 0, then i ∈ {0, . . . , e − 1}, k ∈ P n ̟ i E J, and, in fact, k ∈ (P n ∩ K n )k i J.
iii. If W i (p̟ i E j) = 0 with p ∈ P n and j ∈ J, then p ∈ N n (P n ∩ J).
Proof. The first statement follows from the fact that W is supported on N n J = i∈Z N n ̟ i E J, this is a disjoint union because the absolute value of the determinant on N n ̟ i E J is q −ni/e , and Statement iv of Proposition 3.1. Hence, if W i (pk) = 0, then W (pk) = 0, so pk ∈ N n ̟ j E J for a unique j ∈ {0, . . . , e − 1}, but this j must be equal to i, and this gives the first assertion of the second statement. In particular
This proves the second statement. For the third, we observe that if
The main result
Again, we assume that R = C, or Q ℓ , and π 1 and π 2 are cuspidal R-representations of G n . This section is dedicated to proving our main result on test vectors.
Theorem 5.1. Suppose that L(X, π 1 , π 2 ) is non-trivial, so that π 2 ≃ χπ ∨ 1 for some unramified character χ of F × . Then there is a power µ of q, such that
First, we continue with the notation of Section 4, with π a cuspidal representation containing the extended maximal simple type (J, Λ), e = e(E/F ) the ramification index of the field extension associated to (J, Λ), and W, W ∨ the explicit Whittaker functions of Definition 4.4. We are now ready to prove the following crucial proposition.
Then F i is nonzero if an only if i ∈ {0, . . . , e−1}, and in this case, it is supported on (K n ∩P n )k i J. Moreover, then for i ∈ {0, . . . , e − 1}, and for k ∈ (K n ∩ P n )k i J, there is a power λ of q, independent of i and of k, such that
Proof. The assertion about support follows at once from the second statement of Proposition 4.5. Moreover, from the same statement, fix i ∈ {0, . . . , e − 1}, and k 0 ∈ P n ̟ i E J. We can write k = p 0 ̟ i E j 0 for p 0 ∈ P n and j 0 ∈ J. But now notice that for such a k, we have
hence by Statement iii of Proposition 4.5:
the last equality according to Lemma 4.2. Now, as J normalises J 1 , and as for any t ∈ G n normalising J 1 , the automorphism j → tjt −1 of J 1 has modulus character equal to 1, because J 1 is an open subgroup of the unimodular group G n , we have
As H 1 is pro-p, there is an element λ which is a power of q, such that
the last equality thanks to Statement ii of Proposition 4.3.
Proposition 5.3. The coefficient
is zero unless i ∈ {0, . . . , e − 1}, in which case
with µ a power of q.
Proof. By definition, c i is equal to
for λ ′ a power of q, as J 1 is pro-p. But this last integral is equal to
according to Proposition 5.2. The result now follows from Lemma 3.2.
If π is a cuspidal R-representation of G n of ramification index e, we denote by R(π) its ramification group, that is the group of unramified characters of F × which fix π by twisting. It follows from [2, 6.2.5], that R(π) is isomorphic to the group of n/e-th roots of unity in R × , via χ → χ(̟ F ).
Proof of Theorem 5.1. We first suppose that π 2 ≃ π ∨ 1 , and set π = π 1 . In this case, we choose W 1 to be the Paskunas-Stevens Whittaker function W of Definition 4.4 (associated to ψ t ), and W 2 = W ∨ , and put 
This gives the equality
On the other hand, and by [8, Proposition 8 
Now in general, as we supposed that L(X, π 1 , π 2 ) is not equal to 1, we have π 2 ≃ χ ⊗ π ∨ 1 for some unramified character χ of F × . However, we have
On the other hand, if W 1 = W is the Paskunas-Stevens Whittaker function of π 1 , then
However,
and we are done.
L-factors of supercuspidal ℓ-modular representations
In this section, we consider the cases R = F ℓ , and Q ℓ .
Before continuing, we need to recall some facts on cuspidal ℓ-modular representations of G n . In [18, Chapitre III], the Bushnell-Kutzko construction, we presented for ℓ-adic and complex representations in Section 3, is extended to ℓ-modular representations. Let π be a cuspidal ℓ-modular representation of G n .
i. The representation π contains an ℓ-modular maximal extended simple type (J, Λ), completely analogous to those of Section 3, with Λ an irreducible ℓ-modular representation of J of finite dimension, and we have π ≃ ind Gn J (Λ). Moreover, any representation compactly induced from an extended maximal simple type is cuspidal.
ii. Let (J, Λ) be an extended maximal simple type for π. The restriction λ of Λ to J decomposes as λ = κ ⊗ σ, with κ a β-extension, and σ an irreducible cuspidal ℓ-modular
. By [15, Lemmas 6.1 and 6.8], the representation π is supercuspidal if and only if σ is supercuspidal.
iii. We can define the ramification index e of π, exactly as in Section 3, which is well defined as intertwining of extended maximal simple types implies conjugacy. In the Q ℓ setting, we continue with the notations of the last section, and note that as θ is integral, so are ψ t and ψ −1 t . Our main theorem has the following interesting corollary.
Corollary 6.1. Let τ 1 and τ 2 be two banal cuspidal ℓ-modular representations of G n , and π 1 and π 2 be any cuspidal ℓ-adic lifts, then
Proof. We already noticed in the introduction that if L(X, π 1 , π 2 ) is equal to 1, then
whether π 1 and π 2 are banal or not. Hence we only need to focus on the case where L(X, π 1 , π 2 ) is not equal to 1. Let W 1 and W 2 be the Stevens-Paskunas explicit Whittaker functions associated to extended maximal simple types of τ 1 and τ 2 , as in the statement of Theorem 5.1. Granted W 1 ∈ W e (π 1 , ψ t ) and W 2 ∈ W e (π 2 , ψ t ), we have
Notice that r ℓ (µ)(q − 1)(q n/e − 1) is nonzero if and only if π 1 (hence π 2 ) is banal. As the integral I(X, r ℓ (
As in any case, thanks to [11, Theorem 3.14] , the L-factor L(X, τ 1 , τ 2 ) divides r ℓ (L(X, π 1 , π 2 )), we deduce the desired equality. Remark 6.3.
i. As noticed in the introduction, this is also obviously true when π 1 and π 2 are cuspidal representations of general linear groups of different ranks.
ii. As a corollary to the proof, we see that we have constructed test vectors for banal cuspidal ℓ-modular L-factors by reduction modulo ℓ. In fact, granted the extension of the Bushnell-Kutzko construction to ℓ-modular representations, one can extend the construction of Section 4 by reduction modulo ℓ, and then the proof of Theorem 5.1 follows mutatis. mutandis. for ℓ-modular representations.
We are now going to prove that if π 1 and π 2 are two non-banal supercuspidal ℓ-modular representations of G n , then their associated L-factor is equal to one. The idea is simple, as we know the ℓ-modular L-factor divides the reduction modulo ℓ of the ℓ-adic L-factor of any lifts of π 1 and π 2 , we just need to show that there are two lifts of π 1 which are not isomorphic up to twisting by an unramified character: in this case the ℓ-adic L-factor associated to one of these lifts and to a lift of π 2 is trivial and hence so is the ℓ-modular L-factor of π 1 and π 2 . For this, we use the Bushnell-Kutzko construction to reduce the problem to finite group theory.
We first recall the Green classification of all cuspidal ℓ-adic representations of GL m (k F ), where k F is a finite field of characteristic p, and the associated results of James on reduction modulo ℓ.
Let k E be a finite extension of k F of degree m. The group Hom(k × E , Q ℓ × ) is cyclic of order |k × E |, and is the direct product of its ℓ-singular part Hom(k × E , Q ℓ × ) s and of its ℓ-regular part Hom(k × E , Q ℓ × ) r . The map r ℓ is a surjective morphism
with kernel Hom(k
-orbit is of cardinality | Gal(k E /k F )|, i.e. if χ does not factor through the norm of any proper intermediate extension. If we write G χ for the fixator of χ in Gal(k E /k F ), it is equivalent to say that G χ = {1}.
Theorem 6.4 ([6], [9] ). Let k F be a finite field, and k E be an extension of k F of degree m.
i. There is a surjective map µ → σ(µ) from the set of (k E /k F )-regular characters of k × E to the set isomorphism classes of cuspidal ℓ-adic representations of GL m (k F ), such that the preimage of σ(µ) is the Gal(k E /k F )-orbit of µ.
ii. The reduction r ℓ (σ(µ)) is cuspidal, and r ℓ (σ(µ)) = r ℓ (σ(µ ′ )) if and only if the ℓ-regular parts of µ and µ ′ , as elements of the group Hom(k × E , Q ℓ × ), are conjugate under Gal(k E /k F ).
Moreover r ℓ (σ(µ)) is supercuspidal if and only if the ℓ-regular part of µ is (k E /k F )-regular. Finally, any cuspidal ℓ-modular representation of GL m (k F ) lifts to a cuspidal ℓ-adic representation σ(µ).
Let χ ∈ Hom(k × , Q ℓ ), χ r be the ℓ-regular part of χ, and χ s be the singular part which has order a power of ℓ, so that we can write χ = χ s χ r uniquely. As G χ = G χs ∩ G χr , we notice the following obvious fact:
Lemma 6.5. The χ character is (k E /k F )-regular if and only if G χs ∩ G χr = {1}.
We now make a first step towards computing the L-factors of non-banal supercuspidal representations. We continue with the notations of Theorem 6.4
In conclusion, we have obtained the following classification theorem for supercuspidal ℓ-modular Lfactors:
Theorem 6.9. Let π 1 and π 2 be two supercuspidal representations of G n and G m (n ≥ m). Then L(X, π 1 , π 2 ) is equal to 1, except in the following case: π 1 is banal, and π 2 ≃ χπ ∨ 1 for some unramified character χ of F × (in particular n = m). In this case, let e be the common ramification index of π 1 and π 2 , we have L(X, π 1 , π 2 ) = 1 1 − (χ(̟ F )X) n/e , and this factor is the reduction modulo ℓ of the L-factor of any cuspidal lifts of π 1 and π 2 .
